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We present a general formalism to describe continuous-variable (CV) quantum teleportation of
discrete-variable (DV) states with gain tuning, taking into account experimental imperfections. Here
the teleportation output is given by independently transforming each density matrix element of the
initial state. This formalism allows us to accurately model various teleportation experiments and
to analyze the gain dependence of their respective figures of merit. We apply our formalism to
the recent experiment of CV teleportation of qubits [S. Takeda et al., Nature 500, 315 (2013)] and
investigate the optimal gain for the transfer fidelity. We also propose and model an experiment for
CV teleportation of DV entanglement. It is shown that, provided the experimental losses are within
a certain range, DV entanglement can be teleported for any non-zero squeezing by optimally tuning
the gain.
PACS numbers: 03.67.Ac, 03.67.Hk, 03.67.Mn, 42.50.Ex
I. INTRODUCTION
Quantum teleportation [1] plays a central role in the
transfer and manipulation of quantum states. It was orig-
inally proposed for discrete-variable (DV) two-level sys-
tems [1], and later extended to continuous-variable (CV)
systems in an infinite-dimensional Hilbert space [2, 3]. In
optics, experimental realizations have followed for both
systems. DV teleportation has been performed for qubits
represented by photons, albeit probabilistically and post-
selectively [4, 5]. In contrast, CV teleportation has been
performed deterministically for quadrature variables of
electromagnetic fields, however, with a relatively low fi-
delity due to the finite level of resource squeezing [6, 7].
Recently, Ref. [8] reported a “hybrid” experiment – CV
teleportation of qubits – and overcame the previous lim-
itations both in the DV and the CV regime. Not only
deterministic qubit teleportation was realized there, but
it was also demonstrated that tuning the feedforward
gain in CV teleportation enables one to faithfully transfer
qubit information even with finite squeezing, eventually
leading to higher fidelities.
The usefulness of gain tuning for teleporting DV states
is well-known. However, a full gain optimization is a non-
trivial problem. An accurate model for the hybrid tele-
portation scheme is required to obtain the optimal gain
for every experimental setup and figure of merit. Thus
far, gain-tuned teleportation of qubits or single photons
has been theoretically analyzed in Refs. [9–12] using the
Heisenberg picture and the Wigner function. However,
these models are specifically adapted to investigate the
optimal gains for certain figures of merit, such as the
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value of the Clauser-Horne-type inequality, visibility, or
the negativity of the Wigner function. Thus, they can-
not be directly applied to more general cases. A different
model, employing a more general density-matrix formal-
ism, has been developed in Refs. [13–16] by introducing
the so-called transfer operator. Though the transforma-
tion of DV states can be intuitively and explicitly de-
scribed in this model, these calculations assumed an ideal
loss-free condition when the input state and the resource
squeezing are perfectly pure. The extension of this model
to the realistic situation including losses is hindered by
the complexity of taking into account the impurity of
squeezing in the density-matrix formalism.
Here we present a general formalism to explicitly de-
scribe CV teleportation of DV states with gain tuning.
The key element of our formalism is to define the trans-
formation of each density matrix element in the telepor-
tation channel using Wigner functions. The density ma-
trix of the teleportation output is then given by inde-
pendently transforming each density matrix element of
the initial state. The experimental losses in the input
state and squeezing can be included in the Wigner func-
tions, and hence realistic experimental conditions can be
simulated.
Our formalism can be straightforwardly applied to var-
ious hybrid teleportation experiments to investigate the
optimal gain tuning for a given figure of merit. In this
paper, we apply the formalism to two types of hybrid
teleportation experiments. First, the CV teleportation
of photonic qubits in Ref. [8] is modeled. We investigate
the gain dependence of fidelity considering experimen-
tal inefficiencies, and we show that our model is in good
agreement with the experimental results. Second, CV
teleportation of DV entanglement is proposed and mod-
eled. Such an experiment can be readily implemented
with current technology and it would allow for a more
efficient transfer of DV entanglement than previous tele-
2portation schemes. We derive a sufficient condition to
teleport DV entanglement, and we prove that, provided
the experimental losses are within a certain range, DV
entanglement can be teleported for any non-zero squeez-
ing by optimally tuning the gain.
This paper is organized as follows. Our general formal-
ism is derived in Secs. II and III. First, CV teleportation
is generally modeled in the Wigner-function formalism
and the effect of gain tuning is discussed in Sec. II. Sec-
tion III then focuses on CV teleportation of DV states,
deriving the formalism to describe the transformation of
density matrices. This formalism is applied to two spe-
cific cases in the following two sections. Section IV con-
siders CV teleportation of a photonic qubit, investigating
the optimal gains to achieve maximal fidelity. In Sec. V,
an experiment for CV teleportation of DV entanglement
is proposed and modeled based on our formalism, includ-
ing a discussion on the condition for teleporting entan-
glement. Finally, Sec. VI concludes this paper.
II. GAIN TUNING OF CV TELEPORTATION
IN WIGNER FUNCTION FORMALISM
Wigner functions are useful tools to describe Gaus-
sian states and operations, including the effect of photon
losses, in a simpler way compared to density matrices.
The aim of this section is to derive an input-output rela-
tion for CV teleportation in the Wigner-function formal-
ism, including parameters for gain, squeezing level, and
loss on the squeezing. Our results can be regarded as a
generalization of those in Refs. [3, 12, 17], which do not
include all these parameters at the same time. From the
derived formula, we show that the effect of a non-unit-
gain teleportation channel is closely related to that of an
attenuation and an amplification channel.
We start with following the standard Braunstein-
Kimble protocol [3] in the non-unit gain regime. The
schematic of CV teleportation is depicted in Fig. 1. The
initial step for a sender “Alice” and a receiver “Bob”
is to share a two-mode Einstein-Podolsky-Rosen (EPR)
entangled state. It can be approximately generated by
suitably mixing at a beam splitter two impure single-
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FIG. 1: (color online) Schematic of CV teleportation. HD,
Homodyne detection.
mode squeezed states of squeezed quadrature variance
Vsq = [(1 − l)e−2r + l]/2 and anti-squeezed quadrature
variance Van = [(1 − l)e2r + l]/2, where ~ = 1, r is a
squeezing parameter, and l denotes loss (0 ≤ l ≤ 1). The
Wigner function of the EPR state is written as a function
of quadratures of Alice’s mode ξA = (xA, pA)
T and Bob’s
mode ξB = (xB, pB)
T :
WEPR(ξA, ξB) =
1
4π2VanVsq
e−ξ
T
AB
Γ−1ξAB . (1)
Here ξAB = (xA, pA, xB, pB)
T and
Γ =
(
V 1l Cσz
Cσz V 1l
)
(2)
is the covariance matrix with V = Van + Vsq, C =
Van − Vsq, 1l an identity matrix, and σz a Pauli ma-
trix. Alice then mixes her part of the EPR state
and the input state Win (ξin), where ξin = (xin, pin)
T ,
by a 50:50 beam splitter: (ξin, ξA) → (ξu, ξv) =(
(ξin − ξA)/
√
2, (ξin + ξA)/
√
2
)
. The resulting overall
Wigner function is
Wtot(ξu, ξv, ξB)=Win
(
ξu+ξv√
2
)
WEPR
(
ξv−ξu√
2
, ξB
)
, (3)
where ξi = (xi, pi)
T for i = u, v. Alice measures (xu, pv)
and sends the results ζ = (xu, pv)
T to Bob, who displaces
his part of the EPR state with feedforward gain g >
0 as ξout = ξB +
√
2gζ. The final teleported state is
obtained by integrating over all possible measurement
results ζ [3, 17],
Wout(ξout)
=
∫
dxudpudxvdpvWtot(xu, pu, xv, pv, ξout −
√
2gζ)
=
1
g2
[Win ◦Gτ ]
(
ξout
g
)
. (4)
Here ◦ denotes convolution, and Gτ (ξ) =
(2πτ)−1 exp
[−ξT ξ/(2τ)] is a normalized Gaussian
of variance
τ =
Van
2
(
1− 1
g
)2
+
Vsq
2
(
1 +
1
g
)2
. (5)
Equation (4) shows that the CV teleportation channel for
a given (r, l, g) is equivalent to a thermalization process
described by a Gaussian convolution Win(ξ) → [Win ◦
Gτ ](ξ) followed by a rescaling ξ → ξ/g in phase space.
For l = 0, Wout(ξ) = Win(ξ) is obtained in the limit of
r →∞ at g = 1; otherwise the performance is limited by
l, as is indicated by τ → l in the limit of r → ∞. Note
that for l = 0, Eq. (4) becomes equivalent to Eq. (6)
in Ref. [17], and for l = 0 and g = 1, it is simplified
to Wout(ξout) = [Win ◦ Ge−2r ](ξout) and coincides with
Eq. (4) in Ref. [3]. The special case of ξout = 0 in Eq. (4)
was also derived and used in Ref. [12]. In this sense, the
3input-output relation of Eq. (4) generalizes all previous
ones in the Wigner-function formalism.
The process of non-unit-gain teleportation, described
in Eq. (4), can be explained by a combination of unit-gain
teleportation, pure attenuation, and pure amplification
(“pure” indicates the optimal attenuation or amplifica-
tion with minimum excess noise [18]). The pure attenu-
ation is a channel which applies “beam-splitter loss” of
1 − ǫ (0 < ǫ < 1) to the input state. It can be written
as aˆout =
√
ǫaˆin +
√
1− ǫaˆvac in the Heisenberg picture,
where each aˆ denotes an annihilation operator of the out-
put, input, and auxiliary vacuum mode, respectively. In
the Wigner-function formalism, the input-output relation
is given by [18, 19]
Wout(ξout) =
1
ǫ
[
Win ◦G 1−ǫ
2ǫ
](ξout√
ǫ
)
. (6)
In contrast, the pure-amplification channel amplifies the
input signal as aˆout =
√
γaˆin +
√
γ − 1aˆ†vac (γ > 1), de-
scribed in the Wigner-function formalism by [18]
Wout(ξout) =
1
γ
[
Win ◦G γ−1
2γ
](ξout√
γ
)
. (7)
All Eqs. (4), (6), and (7) represent Gaussian channels
composed of a Gaussian convolution and phase-space
rescaling. Importantly, two successive Gaussian channels
of convolution of Gτi followed by a rescaling ξ → ξ/gi
(i = 1, 2) can be reduced to one Gaussian channel of
Gτ ′ and ξ → ξ/g′ with τ ′ = τ1 + τ2/g21 and g′ = g1g2.
In the case of 0 < g < 1, Eq. (4) can be decomposed
into two successive Gaussian channels of τ1 = τ − τ2,
g1 = 1 and τ2 = (1 − g2)/2g2, g2 = g. This means
that below-unit-gain teleportation can be regarded as a
sequence of unit-gain teleportation (convolution of Gτ1)
and pure attenuation [Eq. (6) at ǫ = g2]. For a given
(r, l), the thermalization effect of Gτ1 is minimized at
the gain of gatt = (Van + Vsq − 1)/(Van − Vsq) = tanh r,
where τ1 takes its minimum value of τ
min
1 = (4VanVsq −
1)/[2(Van+Vsq− 1)] = l. Interestingly, this gain depends
only on r (not on l), and the minimum τ1 is equal to the
lower bound of τ in the unit-gain regime (τ → l for g = 1
and r →∞, as mentioned above). When l = 0 and thus
τ1 = 0, the teleportation channel at gatt is equivalent to a
pure-attenuation channel at ǫ = tanh2 r. Otherwise τ2 is
always positive and the thermalization effect is unavoid-
able. A similar discussion can be made for g > 1. By
decomposing Eq. (4) into two successive Gaussian chan-
nels of τ1 = (g
2 − 1)/2g2, g1 = g and τ2 = g2(τ − τ1),
g2 = 1, above-unit-gain teleportation can be regarded
as a sequence of pure amplification [Eq. (7) at γ = g2]
and unit-gain teleportation (convolution of Gτ2). The
minimum value of τmin2 = l is achieved at the gain of
gamp = tanh
−1 r. For l = 0, the teleportation channel at
gamp becomes equivalent to a pure-amplification channel
at γ = tanh−2 r. The equivalence to pure-attenuation
and pure-amplification channels at l = 0 has been de-
rived using different methods in Refs. [9, 14, 20].
Thus far, we have only discussed one simple CV tele-
portation channel, as expressed by Eq. (4). However,
an actual experimental situation is typically more com-
plex. For example, in single-mode CV teleportation ex-
periments [6, 7, 21–24], an input state is first attenu-
ated (loss), next teleported, and finally attenuated again
by the measurement (finite measurement efficiency); the
overall channel thus should be written as three consecu-
tive Gaussian channels. However, such a complex chan-
nel, composed of consecutive CV teleportation, pure at-
tenuation, and amplification, can be described by only
one input-output relation, similar to Eq. (4). The reason
is that two consecutive Gaussian channels can be reduced
to one Gaussian channel, as mentioned above; thus any
number of consecutive Gaussian channels can be simpli-
fied to just one, written as
Wout(ξout) =
1
g2tot
[Win ◦Gτtot ]
(
ξout
gtot
)
, (8)
with only two parameters τtot and gtot to characterize the
overall channel property. This is of great convenience to
describe various types of CV teleportation experiments in
an accurate and compact fashion. Besides the example of
single-mode CV teleportation, Eq. (8) is also applicable
to the case when CV teleportation is performed succes-
sively [25].
III. TELEPORTATION OF DV STATE
IN TRANSITION-OPERATOR FORMALISM
The next step is to derive the transformation of DV
states in a CV teleportation channel by applying the
input-output relation of Eq. (4) to such states. Discrete-
variable states of particular interest are the following two
types of a qubit. One is a singe-rail encoded qubit,
|ψ〉s = α |0〉+ β |1〉 , (9)
expressed in the photon number basis (|α|2 + |β|2 = 1),
where the photon number directly represents the logical
“0” and “1” (see, e.g., Refs. [5, 26]). The other is a dual-
rail encoded qubit,
|ψ〉d = α |0〉X ⊗ |1〉Y + β |1〉X ⊗ |0〉Y , (10)
where the logical “0” and “1” are represented by the
mode (X or Y) in which the photon is present (see,
e.g., Refs. [4, 8, 27]). Continuous-variable teleportation
of these states can be expressed by a transformation
between non-Gaussian Wigner functions using Eq. (4).
However, below we may convert our representation from
Wigner functions to density matrices in order to de-
scribe the transformation more intuitively and conve-
niently. The formalism derived below is applicable to
various types of hybrid teleportation experiments.
In order to calculate the density matrix corresponding
to a given Wigner function, we start with introducing the
4following function of an operator Aˆ:
W Aˆ(x, p)=
1
2π
∫
dyeipy
〈
x− y
2
∣∣∣ Aˆ ∣∣∣x+ y
2
〉
. (11)
This is a generalized version of the Wigner function
for an arbitrary, not necessarily Hermitian, operator Aˆ.
When Aˆ is a density operator, this function describes
the Wigner function of the corresponding state. For
Aˆ = |m〉〈n| (photon number basis, m ≥ n ≥ 0), Eq. (11)
can be expressed by the Laguerre function L [28] as
W |m〉〈n|(ξ) =
(−1)n
π
√
n!
m!
(√
2vT ξ
)m−n
× Lm−nn
(
2ξT ξ
)
exp
[−ξT ξ] , (12)
where ξ = (x, p)T and v = (1,−i)T . In the case of
n > m ≥ 0, we need to replace n → m, m → n and
ξ → σzξ in the right hand side of Eq. (12). When
an input state ρˆin is expanded in the photon num-
ber basis as ρˆin =
∑
m,n ρ
mn
in |m〉〈n|, the correspond-
ing Wigner function can also be expanded as Win(ξ) =∑
m,n ρ
mn
in W
|m〉〈n|(ξ). By using Eq. (4) and linearity of
convolution, the Wigner function of the teleported state
ρˆout can be written as
Wout(ξ) =
∑
m,n
ρmnin W
|m〉〈n|
out (ξ), (13)
where we define
W Aˆout(ξ) ≡
1
g2
[
W Aˆ ◦Gτ
]( ξ
g
)
. (14)
The Wigner functions in Eq. (13) can be converted to
their corresponding density matrices. From Wout(ξ),
each density matrix element 〈j|ρˆout|k〉 is obtained by [28]
〈j|ρˆout|k〉 = 2π
∫∫
dξWout(ξ)W
|k〉〈j|(ξ)
=
∑
m,n
ρmnin · 2π
∫∫
dξW
|m〉〈n|
out (ξ)W
|k〉〈j|(ξ). (15)
Next we define a transition operator Tˆ (Aˆ) as
Tˆ (Aˆ) =
∑
j,k
2π
∫∫
dξW Aˆout(ξ)W
|k〉〈j|(ξ) |j〉〈k| , (16)
describing a map from an operator to an operator: Aˆ 7→
Tˆ (Aˆ). This map describes the transition of a density
matrix element Aˆ through the CV teleportation channel
of Eq. (4). By substituting Eq. (16) into Eq. (15), we get
〈j|ρˆout|k〉 = 〈j|
∑
m,n
ρmnin Tˆ (|m〉〈n|)|k〉
⇐⇒ ρˆout =
∑
m,n
ρmnin Tˆ
(|m〉〈n|). (17)
Thus, the output density matrix is obtained by replacing
|m〉〈n| → Tˆ (|m〉〈n|) for any given input density matrix
ρˆin =
∑
m,n ρ
mn
in |m〉〈n|. In this picture, the final density
matrix at the output is a combination of each density
matrix element teleported independently.
Before applying this transition-operator formalism
to qubits, we derive the expression of Tˆ
(|m〉〈n|) =∑
j,k Tmn→jk |j〉〈k| for m,n = 0, 1, where the coefficient
Tmn→jk ≡ 2π
∫∫
dξW
|m〉〈n|
out (ξ)W
|k〉〈j|(ξ) (18)
represents the transition probability for a component
|m〉〈n| to be transformed into |j〉〈k| by teleportation.
To calculate this, we obtain the following functions from
Eq. (12) and (14),
W
|0〉〈0|
out (ξ)=
1
λπ
exp
[−ξT ξ/λ] , (19)
W
|1〉〈0|
out (ξ)=W
|0〉〈1|
out (σzξ)=
√
2vT ξg
λ2π
exp
[−ξT ξ/λ] , (20)
W
|1〉〈1|
out (ξ)=
(
2g2ξT ξ + λ(λ − 2g2))
λ3π
exp
[−ξT ξ/λ] . (21)
Here we introduced a new parameter λ ≡ g2(2τ + 1)
for simplicity. The condition λ ≥ 1 can be proven from
Eq. (5), and the equality is attained if and only if l = 0
and g = tanh r. By substituting the above functions and
Eq. (12) into Eq. (18), we obtain
T00→jk=
2(λ− 1)k
(λ+ 1)k+1
δj,k, (22)
T10→jk=T01→kj=
4g
√
k + 1(λ− 1)k
(λ+ 1)k+2
δj,k+1, (23)
T11→jk=
2(λ−1)k−1
(λ+1)k+2
[
(λ−2g2+1)(λ−1)+4kg2]δj,k,
(24)
where δj,k is the discrete Kronecker delta function. All
the coefficients above are non-negative. It can be seen
that the diagonal elements |0〉〈0| and |1〉〈1| (off-diagonal
elements |1〉〈0| and |0〉〈1|) of the input state contribute
only to the diagonal elements |k〉〈k| (off-diagonal ele-
ments |k + 1〉〈k| and |k〉〈k + 1|) in the output state.
The formulas derived above enable us to describe CV
teleportation of qubits fully in terms of density matri-
ces. For the single-rail qubit in Eq. (9), the teleportation
process is then expressed by
|ψ〉s〈ψ|= |α|2|0〉〈0|+α∗β|1〉〈0|+αβ∗|0〉〈1|+|β|2|1〉〈1|
⇒ Tˆ (|ψ〉s〈ψ|)= |α|2Tˆ 00+α∗βTˆ 10+αβ∗Tˆ 01+|β|2Tˆ 11,
(25)
defining Tˆmn ≡ Tˆ (|m〉〈n|). In the case of the dual-rail
qubit in Eq. (10), each mode is transmitted through
a teleportation channel independently. Thus, we ex-
tend the single-mode transition operator to a two-mode
5transition operator, TˆXY(ρˆXY), for any two-mode state
ρˆXY =
∑
j,k,m,n ρjkmn |j〉X〈k| ⊗ |m〉Y〈n| as
TˆXY(ρˆXY)≡
∑
j,k,m,n
ρjkmnTˆX(|j〉X〈k|)⊗TˆY(|m〉Y〈n|).
(26)
In general, the two teleportation channels TˆX and TˆY are
characterized by different parameters (τ, g) according to
Eq. (4). Thus, teleportation of a dual-rail qubit can be
described by
|ψ〉d〈ψ| = |α|2 |0〉X〈0|⊗|1〉Y〈1|+ α∗β |1〉X〈0|⊗|0〉Y〈1|
+ αβ∗ |0〉X〈1|⊗|1〉Y〈0|+ |β|2 |1〉X〈1|⊗|0〉Y〈0|
⇒ TˆXY(|ψ〉d〈ψ|)= |α|2Tˆ 00X ⊗Tˆ 11Y + α∗βTˆ 10X ⊗Tˆ 01Y
+ αβ∗Tˆ 01X ⊗Tˆ 10Y + |β|2Tˆ 11X ⊗Tˆ 00Y , (27)
where Tˆmni ≡ Tˆi(|m〉i〈n|) (i =X, Y). Equations (25) and
(27), together with the coefficients given by Eqs. (22)-
(24), give the output density matrices as functions of
squeezing parameter r, loss l, and gain g; and hence gain
tuning for teleporting DV states can be investigated in
detail from these results.
One advantage of our formalism compared to the
transfer-operator formalism [15, 16] is that an actual, re-
alistic experiment can be more accurately modeled by
taking into account the impurity of squeezing. In addi-
tion, our formalism is applicable to more complex chan-
nels than a simple teleportation channel by replacing
the parameters (τ, g) for each Tˆ by (τtot, gtot) [namely,
Eq. (4) is replaced by Eq. (8)]. It can also be straight-
forwardly extended to the multi-qubit situation where all
or some parts of the qubits are teleported. Possible ap-
plications are various hybrid teleportation experiments,
such as CV teleportation of a multi-qubit system, se-
quential CV teleportation of qubits, and entanglement
swapping [29] using a DV entangled state and CV tele-
portation.
IV. TELEPORTATION OF DUAL-RAIL QUBITS
Continuous-variable teleportation of a dual-rail qubit
is one of the most important and fundamental examples
of optical hybrid quantum information processing, as was
experimentally demonstrated recently [8]. The ideal sit-
uation of this experiment has been modeled already by
the transfer-operator formalism on the assumption that
the input qubit state and the resource squeezed states
are perfectly pure [15, 16]. This assumption is, however,
not true in the actual experiment. Here we model this
teleportation experiment more accurately by taking into
account the impurity of the input state as well as the
squeezed states (all measurement inefficiencies can be in-
corporated into the initial losses as shown in Appendix
B). Since fidelity is used as a figure of merit in Ref. [8],
we investigate the optimal gain to obtain the maximum
fidelity under various experimental conditions. The the-
oretical results here are shown to be in good agreement
with the experimental results in Ref. [8].
We start with describing the output density matrix of
teleportation by using transition operators. The experi-
mental dual-rail qubit input can be modeled by a mixed
state of the pure qubit in Eq. (10) and a two-mode vac-
uum state as
ρˆin = η |ψ〉d〈ψ|+ (1 − η) |0〉X〈0| ⊗ |0〉Y〈0| , (28)
where η is the fraction of the qubit (0 ≤ η ≤ 1). As
is mentioned in Sec. III, CV teleportation of this qubit
requires two parallel teleportation channels, which have
different parameters (τ, g) in general. However, we may
assume the same (τ, g) for the two teleportation chan-
nels when both rails of the qubit [30] are teleported by
the same CV teleporter, as in Ref. [8]. This assumption
greatly simplifies the description of the experiment in the
following two aspects. Firstly, for an arbitrary qubit |ψ〉d,
its density matrix ρˆin in Eq. (28) can be decomposed into
a tensor product
Uˆ ρˆinUˆ
† = [η |1〉X〈1|+ (1− η) |0〉X〈0|]⊗ |0〉Y〈0| (29)
via a beam-splitter transformation defined by a uni-
tary operator Uˆ satisfying Uˆ aˆ†XUˆ
† = β∗aˆ†X − αaˆ†Y and
Uˆ aˆ†YUˆ
† = α∗aˆ†X + βaˆ
†
Y (aˆ
†
i denotes a creation opera-
tor of mode i). Secondly, when the teleportation chan-
nels for both rails have the same (τ, g), the basis trans-
formation ρˆXY → Uˆ ρˆXYUˆ † and the teleportation map
ρˆXY → TˆXY(ρˆXY) of Eq. (27) commute for any two-mode
state ρˆXY:
TˆXY
(
Uˆ ρˆXYUˆ
†
)
= Uˆ
[
TˆXY (ρˆXY)
]
Uˆ †. (30)
This is proven in Appendix A. These two properties to-
gether mean that the density matrix of the teleported
state ρˆout = TˆXY(ρˆin) satisfies
Uˆ ρˆoutUˆ
†= TˆXY
(
Uˆ ρˆinUˆ
†
)
=
[
ηTˆ 11X +(1−η)Tˆ 00X
]
⊗Tˆ 00Y .
(31)
Equations (29) and (31) indicate that, after the trans-
formation Uˆ , dual-rail qubit teleportation can be inter-
preted as parallel teleportation of a single photon with
loss (mode X) and a vacuum (mode Y). From Eqs. (22)
and (24), it is shown that Uˆ ρˆoutUˆ
† in Eq. (31) has
only diagonal density matrix elements. The matrix el-
ements of ρˆout can be obtained by the inverse trans-
formation Uˆ † of Eq. (31). Since Uˆ † preserves the to-
tal photon number, i.e., X〈j|Y〈k| Uˆ † |m〉X |n〉Y = 0 for
j + k 6= m + n, ρˆout has non-zero |j〉X |k〉Y 〈m|X 〈n|Y
elements only when j + k = m + n. As a result, the
element of ρˆout belongs to either the vacuum subspace
spanned by {|0〉X |0〉Y}, or the single-photon subspace
spanned by {|0〉X |1〉Y , |1〉X |0〉Y}, or the two-photon sub-
space spanned by {|0〉X |2〉Y , |1〉X |1〉Y , |2〉X |0〉Y}, and so
6on. Here, the single-photon subspace is the original qubit
subspace where the quantum information is encoded.
Now the fidelity between ρˆin and ρˆout can be calculated
to assess the performance of teleportation. Two types
of fidelity are introduced in Ref. [8]. One is the overall
transfer fidelity Fstate which is directly calculated from
ρˆin and ρˆout as [31]
Fstate =
[
Tr
(√√
ρˆinρˆout
√
ρˆin
)]2
. (32)
This fidelity reflects the entire two-mode Hilbert space,
taking into account the vacuum and multi-photon con-
tributions. Thus, Fstate describes the performance of a
“deterministic” teleportation that does not pre-select or
post-select specific parts of the quantum states. Since
the fidelity between ρˆin and ρˆout is equal to the fidelity
between Uˆ ρˆinUˆ
† and Uˆ ρˆoutUˆ
† [31], it is straightforwardly
calculated from Eqs. (29) and (31) as
Fstate =T00→00
[√
η (ηT11→11+(1− η)T00→11)
+
√
(1−η)(ηT11→00+(1−η)T00→00)
]2
, (33)
with coefficients T given by Eqs.(22) and (24). The other
fidelity in Ref. [8] is an indicator to assess the qubit com-
ponents alone:
Fqubit = d〈ψ| ρˆqubitout |ψ〉d , (34)
where |ψ〉d is the pure input qubit in Eq. (10) and ρˆqubitout is
the matrix obtained by extracting and renormalizing the
qubit subspace spanned by {|0〉X |1〉Y , |1〉X |0〉Y}. Fqubit
can be calculated as the fidelity between Uˆ |ψ〉d〈ψ| Uˆ † =
|1〉X〈1| ⊗ |0〉Y〈0| and Uˆ ρˆqubitout Uˆ †. The latter is obtained
by extracting the terms with one photon in total from
Uˆ ρˆoutUˆ
† and then renormalizing. Thus we obtain
Fqubit =
Ptrans
Ptrans + Pflip
, (35)
where
Ptrans = T00→00 [ηT11→11 + (1− η)T00→11] (36)
Pflip = T00→11 [ηT11→00 + (1− η)T00→00] (37)
are the probabilities that the photon number is trans-
ferred correctly (|1〉X |0〉Y → |1〉X |0〉Y) or flipped
(|1〉X |0〉Y → |0〉X |1〉Y). The sum Pqubit = Ptrans + Pflip
gives the probability of obtaining the qubit at the output.
Note that both fidelities, Fstate in Eq. (33) and Fqubit in
Eq. (35), are independent of the qubit coefficients α and
β in Eq. (10). This indicates that the optimal gain is also
independent of the initial qubit state.
Now we discuss the dependence of fidelities Fstate and
Fqubit on the four experimental parameters (η, r, l, g) us-
ing Eqs. (33) and (35). Here 1−η and l are experimental
losses, constant for each experimental setup. Therefore
only the g and r dependences of the fidelities are plot-
ted for fixed (η, l) values (e.g. in Ref. [8], η ∼ 0.7 and
l ∼ 0.2 are given, while r ∈ {0.71, 1.01, 1.56} and g ∈
{0.5, 0.63, 0.79, 1.0} are varied). First the g dependence
of Fstate at r = 1.0 is plotted for various (η, l) values in
Fig. 2(a). Here the parameters (η, r, l) = (0.7, 1.0, 0.2)
reflect one of the experimental settings in Ref. [8]. It can
be seen that gain tuning greatly improves Fstate from the
unit-gain regime at a certain gain below unity. However,
the optimal gain goptstate to give the maximum Fstate differs
according to (η, l). Note that generally Fstate is higher
for more mixed input states, leading to a higher Fstate
for η = 0.7 than η = 1.0. The r dependence of goptstate
and the maximum fidelity Fmaxstate at this gain is shown in
Figs. 2(b) and 2(c) for various (η, l) values. For l = 0, we
can see Fmaxstate → 1 in the limit of r→∞, but Fmaxstate does
not reach unity for l > 0. More interestingly, in the case
of l > 0 and η < 1, there is an optimal squeezing level
roptstate which gives the maximum F
max
state [e.g., r
opt
state = 0.91
for (η, l) = (0.7, 0.2)]. This result agrees with the fact
that the highest value of Fmaxstate was obtained at r = 1.01
among {0.71, 1.01, 1.56} in the experiment of Ref. [8].
Next we examine Fqubit in the same way. Figure 2(d)
shows the g dependence of Fqubit at r = 1.0 for various
(η, l) values. It is notable that Fqubit reaches unity for
certain conditions even though the squeezing parameter
r is finite. One condition is g = gatt(= 0.76) and η > 0,
when the teleportation is equivalent to a pure attenua-
tion channel. Here the teleportation only increases the
vacuum component of the initial qubit state of Eq. (28),
which leads to T00→11 = 0 and thus Pflip = 0 in Eq. (37).
The other condition is g = gamp(= 1.31) and η = 1, when
the initial pure qubit is amplified and transformed into
the mixture of a qubit and more-than-one photon states.
This condition also gives Pflip = 0 since T11→00 = 0 and
1 − η = 0 in Eq. (37). In most of the realistic condi-
tions of η < 1 and l > 0, the peak at g = gamp vanishes
and Fqubit is maximal when the gain is close to gatt. For
l > 0, the maximum Fqubit is limited below unity due
to the inevitable thermalization effect of teleportation,
as mentioned in Sec. III. Thus, the loss on the resource
EPR state limits the experimental Fqubit to at best 0.90
in Ref. [8]. The r dependence of the optimal gain goptqubit,
the maximum fidelity Fmaxqubit, and the probability Pqubit
at this gain are plotted in Figs. 2(e) and 2(f) (we fixed
η = 0.70). In Fig. 2(e), goptqubit = gatt for l = 0 (for any
0 < η < 1). The finite loss of l = 0.2 leads to only a small
discrepancy between goptqubit and tanh r; for l = 0.2, g
opt
qubit
is closer to tanh r for smaller η. Thus, in most cases,
choosing g = tanh r regardless of (η, l) is nearly optimal
for faithful qubit information transfer. Figure 2(f) shows
that Pqubit increases with increasing r, but the increment
of Fmaxqubit is small. F
max
qubit is mainly limited by l (not by r)
which defines the minimal thermalization effect of tele-
portation.
Finally, we directly compare the theoretical ρˆout in
Eq. (31) and the experimental ρˆout in Ref. [8] for the
purpose of demonstrating the validity of our model. One
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FIG. 2: (color online) Simulation results of CV teleportation of a dual-rail qubit. (a) g dependence of Fstate at r = 1.0. (b) r
dependence of goptstate. (c) r dependence of F
max
state. (d) g dependence of Fqubit at r = 1.0. (e) r dependence of g
opt
qubit at η = 0.7.
(f) r dependence of Fmaxqubit and Pqubit at η = 0.7. (g) Experimental ρˆout in Ref. [30]. (h) Theoretical ρˆout in Eq. (31) for
(α, β, η1, η2, r, l, g) = (1/
√
2,−i/
√
2, 0.69, 0.06, 1.01, 0.2, 0.79).
of the experimental results along with its theoretically
calculated simulation result for the same parameters
(α, β, η, r, l, g) is illustrated in Figs. 2(g) and 2(h); they
are in good agreement. The fidelities between theoretical
and experimental ρˆout for 24 conditions of (α, β, η, r, l, g)
in Ref. [8] are calculated to give an average value of
0.98±0.01. This value is calculated using only |j, k〉 〈m,n|
elements for j + k = m + n on the assumption that
the non-zero |j, k〉 〈m,n| elements for j + k 6= m + n
in the experimental ρˆout are attributed to the imperfect
measurement scheme [8] (otherwise the fidelity drops to
0.92 ± 0.04). The effect of two-photon input states of
around 6% are also taken into account (see Appendix
C). This high fidelity demonstrates that our theory ac-
curately models the experiment.
V. TELEPORTATION OF DV ENTANGLEMENT
In a typical teleportation experiment, a specific set of
quantum states, which is known to the experimentalists,
is prepared and used as test states for the teleporter.
However, the genuine quantum nature of teleportation
lies in the fact that it can teleport arbitrary unknown
quantum states. Such quantum nature can manifest it-
self directly when one half of an entangled pair is tele-
ported. In this case, for example, a qubit that is to be
teleported is indeed in a completely random state on its
own while being maximally entangled with another qubit.
The entanglement is then transferred via teleportation,
thus revealing the quantum nature of teleportation. Such
teleportation of entanglement, usually referred to as en-
tanglement swapping, has been proposed and experimen-
tally realized separately in DV [26, 27, 29] and CV [32–35]
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FIG. 3: (color online) Schematic of hybrid entanglement
swapping.
optical systems. Here an interesting question arises for
our hybrid system: can CV teleportation transfer DV en-
tanglement? The original proposal of this hybrid entan-
glement swapping was made in Ref. [9] as CV teleporta-
tion of polarization entanglement between photons. The
condition for violating the Clauser-Horne-type inequality
by photon-counting measurement was discussed, but its
experimental demonstration has not been reported yet.
Here we propose another type of hybrid entanglement-
swapping experiment in a readily implementable form.
The main difference from the original proposal in Ref. [9]
is that the polarization-entangled photons and photon-
counting measurements are replaced by a single photon
split at a beam splitter and homodyne measurements, re-
spectively. The demonstration of our proposal will give
a distinct proof of the fact that CV teleportation op-
erates non-classically on the DV subspace of {|0〉 , |1〉}.
In addition, this hybrid scheme allows for a more ef-
ficient transfer of DV entanglement than previous DV
schemes [26, 27, 29], and thus has applications in practi-
cal quantum communication [36, 37].
Our proposal is illustrated in Fig. 3. At the first
stage, a heralded single photon is generated based on
the method in Refs. [30, 38]. The photon incident on
a 50:50 beam splitter yields maximally entangled single-
rail qubits |ψ〉XY = (|0〉X |1〉Y+|1〉X |0〉Y)/
√
2. The qubit
of mode Y is then teleported to mode Z via the CV tele-
porter in Ref. [8]. The two-mode density matrix of modes
X and Z can be obtained by the homodyne-tomography
method in Ref. [39]. Finally, entanglement in the final
state can be assessed by a violation of the positivity af-
ter partial transposition [40]. Below we model the pro-
posed experiment in the transition-operator formalism,
and derive a sufficient experimental condition to observe
the entanglement after teleportation. We also deduce the
optimal gain to maximize the transferred entanglement,
which is quantified by the logarithmic negativity [41].
Experimentally, the initial single-photon state becomes
a state mixed with vacuum corresponding to a loss frac-
tion of 1 − η. The entangled state ρˆXY after the 50:50
beam splitter can thus be modeled by
ρˆXY=(1− η) |0〉X〈0|⊗|0〉Y〈0|+ η |ψ〉XY〈ψ| . (38)
CV teleportation from mode Y to Z replaces |m〉Y〈n| in
Eq. (38) by its corresponding transition operator TˆmnZ ≡
TˆZ(|m〉Y〈n|) (m,n = 0, 1). The final density matrix is
thus written as
ρˆXZ = (1 − η) |0〉X〈0| ⊗ Tˆ 00Z +
η
2
(
|1〉X〈1|⊗Tˆ 00Z
+|1〉X〈0|⊗Tˆ 01Z +|0〉X〈1|⊗Tˆ 10Z +|0〉X〈0|⊗Tˆ 11Z
)
. (39)
The success of entanglement swapping can be confirmed
by witnessing entanglement in ρˆXZ. It is known that
the positivity of the partial transposition (PPT) of ρˆXZ
(namely, partial transposition for just one subsystem, X
or Z) is a necessary condition for ρˆXZ to be separable [40].
The partial transposition of Eq. (39) for mode X is
ρˆTXXZ = (1− η) |0〉X〈0| ⊗ Tˆ 00Z +
η
2
(|1〉X〈1|⊗Tˆ 00Z
+|0〉X〈1|⊗Tˆ 01Z +|1〉X〈0|⊗Tˆ 10Z +|0〉X〈0|⊗Tˆ 11Z )
=
∞∑
k=−1
ρˆk, (40)
where ρˆk (k ≥ −1) is defined as
ρˆk =ak |0〉X 〈0| ⊗ |k〉Z 〈k|+ bk |0〉X 〈1| ⊗ |k〉Z 〈k + 1|
+ bk |1〉X 〈0| ⊗ |k + 1〉Z 〈k|
+ ck |1〉X 〈1| ⊗ |k + 1〉Z 〈k + 1| (41)
with coefficients ak, bk, ck ≥ 0, given by
ak = (1− η)T00→kk + η
2
T11→kk (k ≥ 0), 0 (k = −1),
bk =
η
2
T10→k+1 k (k ≥ 0), 0 (k = −1),
ck =
η
2
T00→k+1 k+1 (k ≥ −1). (42)
Here ρˆmρˆn = Oˆ can be proven for all m and n (m,n ≥
−1, m 6= n). This means that the set of eigenvalues
of ρˆTXXZ is equivalent to the sum of sets of eigenvalues of
each ρˆk (k ≥ −1). When at least one of ρˆk has a negative
eigenvalue, ρˆTXXZ fails to be positive, in which case we know
that ρˆXZ is entangled. Since ρˆ−1 is always positive, the
sign of the following eigenvalues λ±k of each ρˆk (k ≥ 0)
determines the positivity,
λ±k =
ak + ck ±
√
(ak − ck)2 + 4b2k
2
. (43)
Since λ+k > 0, we focus on the condition λ
−
k < 0. From
Eqs. (22), (23), (24) and (42), this condition can be cal-
culated as
3η − 2
2− η > 2τ −
1
g2
, (44)
9with τ defined by Eq. (5). This is the necessary and
sufficient condition for ρˆk to have a negative eigenvalue.
Since Eq. (44) is independent of k, this inequality is also
the necessary and sufficient condition for ρˆTXXZ to have at
least one negative eigenvalue. In other words, when the
experimental setting (η, r, l, g) satisfies Eq. (44), entan-
glement in ρˆXZ can be verified by a violation of the PPT
criterion. When g can be chosen arbitrarily, Eq. (44) is
most easily satisfied by choosing goptPPT = tanh r, when
the right hand side takes its minimum value 2l − 1. At
this gain, Eq. (44) is reduced to
η
2− η > l, (45)
independent of the parameter r. Therefore η and l are the
critical parameters in this experiment. As long as η and l
satisfy Eq. (45), PPT of ρˆXZ can be violated for any non-
zero r at the optimal gain goptPPT = tanh r(= gatt). The
range of (r, g) satisfying Eq. (44) is plotted in Fig. 4(a)
for various (η, l) values. For η = 1, Eq. (44) gives
cosh r − 1
sinh r
< g <
cosh r + 1
sinh r
, (46)
and the range does not depend on l. For η < 1, the
violation range gets smaller with an increasing l, and
finally vanishes when Eq. (45) is violated.
In addition, the degree of entanglement in ρˆXZ can be
assessed by the logarithmic negativity (LN), given by [41]
ELN(ρˆXZ)≡ log2||ρˆTXXZ||=log2
[
1+
∑
k
(|λ−k |−λ−k )
]
, (47)
where ||ρˆ|| = Tr(ρˆ†ρˆ)1/2. This quantifies the degree to
which ρˆTXXZ fails to be positive; the state is entangled
when ELN(ρˆXZ) > 0, and a maximally entangled state
gives ELN(|ψ〉XY〈ψ|) = 1. The value of ELN(ρˆXZ) can
be directly calculated by inserting λ−k of Eq. (43) into
Eq. (47). Figures 4(b) and 4(c) each show the r depen-
dence of the optimal gain goptLN that maximizes ELN and
the maximum value EmaxLN for various (η, l) values. g
opt
LN
is always larger than goptPPT = tanh r. By increasing r,
EmaxLN monotonically increases and approaches the LN of
the initial state, but the upper bound is limited by loss
l.
Finally, the viability of this experiment is examined
based on current technologies. When l = 0.2 is as-
sumed as reported in Ref. [8], Eq. (45) requires an in-
put efficiency of η > 1/3. Since heralded single-photon
sources with efficiency up to η ∼ 0.8 have been al-
ready reported [42], the verification of entanglement is
possible. As an example, for (η, r, l) = (0.8, 1.0, 0.2),
the maximum LN of EmaxLN (ρˆXZ) = 0.30 is obtained at
goptLN = 0.90 after teleportation for an initial state with LN
ELN(ρˆXZ) = 0.70. The theoretical density matrices ρˆXY
and ρˆXZ under this condition are illustrated in Fig. 4(d)
and 4(e). It can be seen that the original DV entan-
glement, which manifests itself as four elements in the
subspace {|0〉X |1〉Y , |1〉X |0〉Y}, is transformed into the
other elements in the subspace {|0〉X |k + 1〉Z , |1〉X |k〉Z}
(k ≥ 0) due to the thermalization effect on mode Y in
teleportation.
VI. CONCLUSION
We have developed a general formalism to describe the
transformation of DV states by a CV teleportation chan-
nel. This formalism can be used to model various hy-
brid teleportation experiments and investigate the opti-
mal gain tuning for a given figure of merit. The key ele-
ment of our formalism is a transition operator Tˆ , which
describes how each density matrix element is transformed
by the CV teleportation channel. This operator includes
two parameters (τ, g) that characterize the channel prop-
erties. By appropriately choosing (τ, g), we can describe
experimental imperfections such as loss on the input state
and impurity of squeezing, and we can also analyze more
complex teleportation channels composed of consecutive
CV teleportation, pure attenuation and amplification.
We have applied our formalism to CV teleportation
of a dual-rail qubit, and discussed the optimal gain to
obtain the maximum fidelity under various experimen-
tal conditions. The validity of our model is confirmed
by the good agreement between our theoretical predic-
tion and the actual experimental results in Ref. [8]. We
have also proposed and modeled CV teleportation of DV
entanglement in the form of a split single photon. It
has been proven that, provided the efficiency of the in-
put qubits and the loss on the resource squeezing satisfy
a certain condition, DV entanglement can be teleported
for any non-zero squeezing level by optimally tuning the
gain. This experiment can be thus readily realized with
current technology.
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APPENDIX A: COMMUTATION OF
BEAM-SPLITTER TRANSFORMATION AND
TELEPORTATION PROCESS
Here we prove Eq. (30) by deriving the Wigner func-
tions corresponding to the density matrices of both left
and right hand sides of Eq. (30). For this purpose we
define the Wigner function of ρˆXY as WXY(ξX, ξY). On
the right hand side of Eq. (30), TˆXY(·) is first applied to
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FIG. 4: (color online) Simulation results of entanglement swapping. (a) Area of (r, g) where PPT of ρˆXZ is violated is filled
with green [Eq. (44)]. (b) r dependence of goptLN . (c) r dependence of E
opt
LN (ρˆXZ). LN of the initial state is E
max
LN (ρˆXY) = 1 for
η = 1.0 and EmaxLN (ρˆXY) = 0.548 for 0.7. (d) Theoretical ρˆXY in Eq. (38) for η = 0.8 (real part). (e) Theoretical ρˆXZ in Eq. (39)
for (η, r, l, g) = (0.8, 1.0, 0.2, 0.90) (real part). Note that there is no imaginary component for both ρˆXY and ρˆXZ.
the input state. By the definition of TˆXY and Eq. (4),
this process transforms the Wigner function into
1
g4
∫∫
dξ′′Xdξ
′′
YWXY(ξ
′′
X, ξ
′′
Y)Gτ
(
ξX
g
−ξ′′X
)
Gτ
(
ξY
g
−ξ′′Y
)
.
(48)
The beam-splitter transformation Uˆ is then applied
(Uˆ aˆ†XUˆ
† = β∗aˆ†X − αaˆ†Y, Uˆ aˆ†YUˆ † = α∗aˆ†X + βaˆ†Y). This
process transforms the arguments ξX and ξY in Eq. (48)
as follows,
1
g4
∫∫
dξ′′Xdξ
′′
YWXY(ξ
′′
X, ξ
′′
Y)
×Gτ
(
β∗ξX − αξY
g
−ξ′′X
)
Gτ
(
α∗ξX + βξY
g
−ξ′′Y
)
. (49)
On the left hand side of Eq. (30), the input state is first
transformed into WXY(β
∗ξX − αξY, α∗ξX + βξY) by the
operator Uˆ , which is then transformed into
1
g4
∫∫
dξ′Xdξ
′
YWXY(β
∗ξ′X−αξ′Y, α∗ξ′X+βξ′Y)
×Gτ
(
ξX
g
−ξ′X
)
Gτ
(
ξY
g
−ξ′Y
)
(50)
by the teleportation process. Equation (50) becomes
equal to Eq. (49) by replacing the integration variable
(ξ′X, ξ
′
Y) in Eq. (50) by (ξ
′′
X, ξ
′′
Y) = (β
∗ξ′X − αξ′Y, α∗ξ′X +
βξ′Y). Thus, the Wigner functions of the left and right
hand sides in Eq. (30) are equivalent. This fact proves
Eq. (30).
APPENDIX B: EFFECT OF MEASUREMENT
INEFFICIENCIES
Here we show how to take into account the measure-
ment inefficiencies at the detectors for modes u, v, and
output in Fig. 1 when they are no longer negligible. In
conclusion, these measurement inefficiencies can be in-
corporated into the input efficiency (η) and the loss on
the EPR state (l) on the assumption that all these detec-
tor efficiencies are the same (ηd). We use the following
lemma to prove this fact: symmetric losses on two modes
after a beam splitter is equivalent to the same amount of
symmetric losses on two modes before their combination.
First, the measurement loss 1− ηd in modes u and v can
be incorporated in the input loss 1 − η and the loss on
mode A. Next, the measurement loss 1−ηd on the output
state adds loss to mode B as well as to the amplitude of
displacement. The losses on modes A, B can be incorpo-
rated in the initial loss l. The loss on the displacement
amplitude attenuates the effective feedforward gain from
g to
√
ηdg. In our analysis in Secs. IV and V, all these
measurement inefficiencies are included in η and l. The
gain reduction is neglected, but this effect only changes
the scales of the gain axes in Figs. 2 and 4.
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APPENDIX C: EFFECT OF TWO-PHOTON
INPUT STATE
In the simulation of Sec. IV, we have assumed that the
initial dual-rail qubit has no multi-photon terms. How-
ever, the experimental qubit state usually has non-zero
multi-photon terms as in Ref. [8]. The input state in
Ref. [8] has around 6% of two-photon terms in the sub-
space of {|0, 2〉 , |1, 1〉 , |2, 0〉}, which cannot be neglected.
This effect can be taken into account by the following
method.
Extending Eq. (29), we can assume that the input state
with two-photon terms is modeled by
ρˆin = Uˆ
† (ρˆX ⊗ |0〉Y〈0|) Uˆ ,
ρˆX = (1−η1−η2) |0〉X〈0|+ η1 |1〉X〈1|+ η2 |2〉X〈2| . (51)
By appropriately choosing η1 and η2, this ρˆin simulates
well the experimental input state, yielding an average
fidelity of 0.98± 0.01 for the six input states in Ref. [8].
In the transition-operator formalism, the teleported state
for this ρˆin is given by
ρˆout= Uˆ
†
{[
η2Tˆ
22
X +η1Tˆ
11
X +(1−η1−η2)Tˆ 00X
]
⊗Tˆ 00Y
}
Uˆ ,
(52)
where Tˆ 22X ≡ TˆX(|2〉X〈2|). In order to calculate each ele-
ment of ρˆout, the expression of the coefficient T22→jk of
Tˆ 22X is needed in addition to Eqs. (22) and (24). This can
be calculated from Eqs. (4), (5), and (12) as
T22→jk =
2(λ−1)k−2
(λ+1)k+3
[ (
λ−2g2+1)2(λ−1)2
+8kg2(λ2−2g2λ+g2−1)+8k2g4
]
δj,k. (53)
Using the results above, the two-photon effect of the in-
put state can be considered for the derivation of the den-
sity matrices (ρˆin, ρˆout) and the fidelity (Fstate, Fqubit).
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